Diquark and light four-quark states 
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Four-quark states with different internal clusters are discussed within the constituent quark model. 
It is pointed out that the diquark concept is not meaningful in the construction of a tetraquark 
interpolating current in the QCD sum rule approach, and hence existing sum-rule studies of four- 
quark states are incomplete. An updated QCD sum-rule determination of the properties of diquark 
clusters is then used as input for the constituent quark model to obtain the masses of light ++ 
tetraquark states (i.e. a bound state of two diquark clusters). The results support the identification 
of cr(600), /o(980) and ao(980) as the ++ light tetraquark states, and seem to be inconsistent 
with the tetraquark state interpretation of the new BES observations of the near-threshold pp 
enhancements, X(1835) and X (1812), with the possible exception that X(1576) may be an "exotic" 
first orbital excitation of /o(980) or ao(980). 
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I. INTRODUCTION 

In the quark model, a meson consists of a quark and 
an antiquark, while a baryon consists of three quarks. 
Exotic hadrons are those beyond these naive qq mesons 
and qqq baryons. Among the exotic hadrons, four-quark 
state scenarios are of both theoretical and experimental 
interest. A four-quark state was predicted to exist early 
in a consistent description of the hadron scattering am- 
plitudes [l|, and their properties have been studied in 
many models @, i i, MM B, S S M El H, El El O • 

Quarks/anti-quarks in four-quark states may have 
complicated correlations and form different clusters. Ac- 
cording to the spatial extension of the clusters, four- 
quark states may be composed of a diquark and an 
anti-diquark [2, H [3, or be composed of two qq clus- 
ters (including the lightly bounded "molecular states") 
@, IE 0, H EH- It could be expected that the proper- 
ties of these two kinds of four-quark states are different 
because of their different internal structures though the 
dynamics among quarks in four-quark state is still un- 
clear. 

So far, no four-quark state has been confirmed experi- 
mentally. However, there are some four-quark candidates 
in experiments, including / (600) (or er), / (980), ao(980) 
and the unconfirmed k(800). They have a long history of 
being interpreted as four-quark states 0, EH ■ Recently, 
A (3872) has been observed by Belle [ijj in exclusive B 
decays and V(4260) has been observed by BaBar [l8j 
in initial-state radiation events. These newly observed 
states have also been interpreted as four-quark states in 
some literatures [H El, El El, HI HH HI . 

In particular, the BES collaboration has reported some 
new observations in low energy region. Apart from the 
near-threshold pp enhancement [23|], A (1835) was ob- 
served by BES [24] in the decay 

J/* -> 77T + 7T~?/, 



with M = 1833.7 ±6.1{stat)±2.7(syst) MeV, V = 67.7± 
20.3±7.7 MeV. A(1812) was observed by BES [25] in the 
doubly OZI-suppressed decay 

J/* — » 

with M = 1812t^(siai) ± 18{syst) MeV, T — 105±20± 
28 MeV. Most recently, A (1576) was observed by BES 
at the K + K~ invariant mass in the decay [26| 



J/* -> K+R-tt 



with pole position 15761^ (stat)ZH(syst) MeV- 
i(409±{l(stat)±w) MeV. The J PC of this broad peak is 
1 . Whether these observations by BES will be con- 
firmed or not by other experimental groups in the future, 
four-quark candidates interpretations [H [H, [29|, [3(| to 
them have appeared. 

Diquarks are relevant to the understanding of four- 
quark states in constituent quark models. Diquarks were 
first mentioned by Gell-Mann [11] and have been applied 
successfully to many strong-interaction phenomena (33l . 
134 , |35| . Interest in diquarks has been revived by a variety 
of new experimental observations H, H3, [H, As 
pointed out in references [H, [H |40 1 , diquark clusters in 
hadrons are in fact a kind of strong correlation between 
pairs of quarks; this diquark correlation may be most 
important for the light multi-quark states. 

Motivated by these theoretical and experimental de- 
velopments, we construct light four-quark states via di- 
quark clusters. The diquarks are regarded as hadronic 
constituents, with their masses determined via QCD sum 
rules. As an approximation, the masses determined in 
this way may be regarded as the constituent masses of 
diquarks. Accordingly, masses of these light tetraquark 
states are then obtained within the constituent quark 
models. As outlined below, this approach obviates the 
difficulties in a sum-rule approach based purely on local 
interpolating currents for four-quark/tetraquark states. 
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Based on these results, the tetraquark state possibility 
of the new observations by BES is analyzed. We em- 
phasize that the existence of diquark clusters within ex- 
otic states is an open question. Our work explores the 
implications of diquarks for the mass spectrum of the 
tetraquark states. 



II. FOUR-QUARK STATES AND DIQUARK 
CLUSTERS 

As mentioned above, four-quark states have complex 
internal color, flavor and spin structure. First, we con- 
sider the color, flavor and spin correlation of the (qq)(qq) 
four-quark state (tetraquark) and the (qq) (qq) four-quark 
state. 

In the (qq)(qq) configuration , the quark q is in the 
color fundamental representation 3, while the anti-quark 
q is in the color representation 3. Two quarks give 3<g>3 = 
6 © 3, and two anti-quarks give 3 <X> 3 = 6 © 3. Therefore, 
the final color singlet four-quark state may be produced 
from 3 <g> 3 or 6 x 6. 

In the (qq)(qq) configuration, a quark and an anti- 
quark give the color representations 3 3 = 8 1, an- 
other quark anti-quark pairs give the same result. The 
final color singlet are therefore produced from the 1 (8> 1 
or 8x8. The former 1 <g> 1 four-quark state is usually 
called a "molecule" . 

It is difficult to distinguish between these internal color 
configurations because the final state is a color singlet. 
For the same reason, it is difficult to distinguish between 
four-quark and normal qq mesons. An understanding 
of the internal dynamics of the quarks in the hadrons 
would be necessary to distinguish between these various 
configurations. 

In the flavor SU(3) approximation, both the (qq)(qq) 
and (qq)(qq) configurations give the same flavor multi- 
plets: _(3 <g> 3) <g> (3 <g> 3) = (3 <g> 3) <g> (3 (g> 3) = 27 © 
10©10©8ffi8ffi8ffi8ffilffil. Obviously, the fla- 
vor structure of (qq)(qq) and (qq)(qq) four-quarks cannot 
be distinguished. Except for the flavor octet or singlet 
(crypto-exotic) , other flavor structures in the four-quark 
state do not exist in normal qq meson. The crypto-exotic 
four-quark states will mix with normal qq mesons, while 
four-quark state may exhibit its exotic flavor explicitly in 
a different way as that in the normal qq meson. Accord- 
ingly, experiments could be designed to detect four-quark 
states due to their exotic flavor structures. The spin in 
four-quark state will couple (correlate) and give compli- 
cated representations as those mentioned in reference [2j . 

In fact, the correlation of color, flavor and spin in 
hadron is inter-related since their total correlation has 
to obey some symmetry constraints. In the (qq)(qq) con- 
figuration, according to references [H, HtJ [h|, the two 
quarks correlate antisymmetrically in color, flavor and 
spin, separately, and thereby attract one another form- 
ing a "good" diquark cluster. In other words, the two 
quarks are most possible in the color, flavor and spin 



representations 3, 3 and and form the "good" diquark. 
This antisymmetric diquark cluster will be denoted as 
[qq] in the following. 

The composition of light tetraquark states with dif- 
ferent isospin are [qq] [qq] , [sq] [qq] , [sq] [sq] , ... as in ref- 
erences [l2|, EH with q — u, d. The orbital excitation 
between the diquark and anti-diquark may make differ- 
ent kinds of four-quark states. 



III. DIQUARK FOUR-QUARK STATES AND 
NEW OBSERVATIONS BY BES 

QCD sum rules [42[ is believed to be a good tool to 
study hadron physics and nonperturbative QCD interac- 
tions. With this approach, four-quark states have been 
investigated. In the investigations, different interpolating 
currents (operators) have been used, e.g., (qq)(qq) cur- 
rents were used in reference |43j| . (qq)(qq) diquark anti- 
diquark currents were employed in references |44l, |45| . |46| , 
and both currents were studied in reference [47j |. These 
investigations are interesting and may give some hints to 
our understanding of four-quark states. However, some 
of the conclusions related to the diquark concept based 
on these studies are not definitive. Diquark may be the 
reality in constituent quark models, but a diquark in- 
terpretation is not meaningful in the framework of QCD 
sum rules. 

As well known, each hadron is in color singlet. Inter- 
nal color configurations in (qq)(qq) and (qq)(qq) could 
not be detected directly through those interpolating cur- 
rents except through special observable which may detect 
those different couplings of currents. Unfortunately, no 
such an observable has yet been formulated. Moreover, 
these color configurations can not be distinguished from 
the normal qq mesons either, which implies that the mix- 
ing between four-quark state and normal mesons may be 
crucial. 

From the analyses in last section, internal constituent 
flavor configurations in (qq)(qq) and (qq)(qq) give the 
same representations. Their internal flavor configura- 
tions therefore could not be detected directly through 
those interpolating currents either except for flavor ex- 
otic currents. 

This point is much more easy to be realized in other 
ways. On one hand, the Fierz transformation will turn 
the (qq)(qq) current into the (qq)(qq) current and vice- 
versa. On the other hand, these two kinds of currents 
can mix with each other under renormalization. There- 
fore, it may not be meaningful to talk about diquarks in 
the framework of sum rules based on local interpolating 
currents. In order to construct precise four-quark state 
sum rules, both (qq)(qq) and (qq)(qq) currents have to be 
used. Similar situations occurred in the study of baryons 
with sum rules [48], |49[ . We emphasize that the inabil- 
ity to distinguish between the local (qq)(qq) interpolating 
currents (qq)(qq) in the QCD sum-rule context does not 
occur, for example, in potential models (50j . 
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In principle, there is no direct way to turn the operator 
picture into the constituent quark picture [5l[, and the 
internal constituent quark structures can not be detected 
directly through the couplings of local interpolating cur- 
rents to hadrons [69(. 

To make the sum rule analyses reliable and predictable, 
it is better to use flavor exotic currents. For normal in- 
terpolating currents, the mixing has to be incorporated 
in the sum rule. For example, a renormalization invari- 
ant mixed current may be required, and the saturation 
of the spectral density with mixed hadrons should be 
taken into account. To avoid such complexities, we will 
not study the four-quark state in terms of four-quark 
currents in this article. Instead, we will determine the 
mass of two-quark cluster via QCD sum rules, and sub- 
sequently construct the four-quark state in terms of these 
diquark constituents. 

From a practical viewpoint, an analysis of tetraquark 
states that employs QCD sum-rules for the diquark clus- 
ters to obtain inputs for the constituent quark model 
is likely the only feasible approach to the study of 
tetraquark states. Correlators of tetraquark/four-quark 
interpolating currents have only been calculated to lead- 
ing order in a s [H, HJ, [H, EE S3 ■ Obtaining the a s cor- 
rections that would be needed to establish a reliable QCD 
sum-rule prediction would involve four-loop calculations 
and the renormalization of the dimension-six composite 
operators. Although the loop calculations are feasible in 
the chiral limit, the renormalization of these operators is 
unknown beyond a single quark flavour [52j and exten- 
sions to more complicated flavour structures would be 
exceptionally difficult, particularly with heavy flavours. 

Lattice investigations pointed out that the force be- 
tween colored clusters is universal [H, |54j. Since 
the diquark and the anti-diquark clusters in (qq){qq) 
tetraquark state have the same color representations as q 
and q in normal meson (3 ® 3 — > 1), they are expected to 
have similar strong dynamics as the normal constituent 
quarks. It is thus reasonable to expect that these diquark 
and anti-diquark clusters will form a tetraquark state 
just as the constituent quark and anti-quark construct 
a normal meson. A four-quark state with constituent 
configuration (qq)(qq) has no correspondence to existing 
hadrons, and will not be considered in our analysis. 

Though the diquark is not an isolated cluster in 
hadron, it may be approximately regarded a bound state 
composed of two quarks and may be used as degree of 
freedom. Historically, the effective diquark masses and 
couplings were derived with QCD sum rule s ap proach in 
the study of weak decays in references [34 , l55j . 

Before proceeding, we give a simple description for 
the dynamics in tetraquark state in our model. The 
diquark cluster is regarded as a constituent similar to 
a constituent quark. The strong dynamics between the 
diquark and the anti-diquark in tetraquark states is sup- 
posed to be similar to that between the quark and the 
anti-quark in mesons [53l. |54|. As an approximation, the 
masses of diquarks obtained with sum rule approach are 



regarded as the constituent masses in constituent quark 
model. Therefore the spectrum of the four-quark states 
could be obtained as in references [HI, Hi| . 

Since the diquark and anti-diquark are supposed to 
be in the + "good" configuration, the P-parity and the 
C-parity of the neutral tetraquark states are the same 
(— 1) L , where L is the orbital angular momentum be- 
tween the diquark and the anti-diquark. Accordingly, 
possible J PC of these kinds of tetraquark states are [57| 
0++ (L = 0), 1— (L = 1), 2++ (L = 2), .... Thus the 
mass of the ++ (L = 0) tetraquark is [T2I ] 



M 4q = m d + m d - 3(K OT )g, 



(1) 



where m d = m qq , m d = m qq are the constituent masses 
of diquark and anti-diquark, respectively. Similarly, the 
mass of the 1" (L = 1) and the 2 ++ (L = 2) tetraquark 
is 



M 4q = ni d + mj + B dd 



L(L+1) 



(2) 



where B dd = B' q , B' ls , B' 2s . B' q > B' ls > B' 2s 
and they denote the coefficients with zero, one and two 
strange quarks, respectively. If B dd oc a 2 M, they are 
very sensitive to Aqcd- 

In references [3411551]. the flavor combinations (qq)(q = 
it, d), (sq) and (ss) were used to construct different flavor 
contents of the diquark to simplify calculation. The flavor 
(sq) diquark current was taken to be [HI, [55| 



ji(x) = eij k sJ(x)COq k (x), 



(3) 



where i, j, k are color indices, C is the charge con- 
jugation matrix, and O = 75, 1, 7^, 7^75 are the 
Lorentz structures corresponding to quantum numbers 
J p = + , 0~, 1 + , and 1~, respectively. 

After constructing a gauge invariant correlator, theo- 



retical expressions of II(Q 2 
puted in references [34 . l55j 



-q ) for (sq)i 



were com- 



n(Q 2 ) = 4^(1 + 2 q§ + T - - - 2 - m ±)Q 2 m ^(4) 



■(2m. 



ss) 



1 ,a s 



MM 16n (to) 2 + (ss) 2 

+87TKQ;, — ; KQ, — , 

Q 4 27 Q 4 



where (qq), (ss), (^G 2 ) are two quark and two gluon 
condensates, and k denotes the deviations from factor- 
ization approximation of four quark condensates (ft = 1 
for ideal factorization). 

In this paper, we perform an updated sum-rule study 
of the J p = + "good" diquark. Within the single pole 
and continuum approximation, the mass of diquark is 
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T 

i r +oc 

so 



able to be obtained from m? + = — ln-Rfe(r, so) with 

1 n — 1 

R k (r,s ) = -L[(-Q 2 ) k {U(Q 2 )-J2^(-Q 2 ) k }}(5) 

ST ImIl {pert} {s)ds 

1 f s ° 

- / s fc e" ST /mn(s)ds. 
Jo 

Ro(t, so) for (sg)j with renormalization group improve- 
ment follows from references I3J, l5al 



m~2 



s e 



-Ro = 



q s (/x 2 ) 4/9 3 1 
a s (l/r) j 4tt 2 t 2 



(6) 



{(l+^^^)[l-(l + -or)e— ]- 

(1 - 7B)^^<f (sor) - 2m 2 r(l - e^)} - 

7T 

1 a ■ 

[(2m s — m q )(uu) + (2m q — m s )(ss)] + — (— G 2 ) 



8 N 7T 



16vr 



+ [87tkq! s (mm) (ss) ^-na s ((uu) 2 + (ss) 2 )]r, 

respectively, where 7^; is the Euler constant, and $(a;) 
was given in reference [55}. The result of (qq) diquark 
could be obtained by the replacement of s quark with q 
quark in previous formulas. 

To obtain an updated numerical result, the input pa- 
rameters are chosen as those in references [ill US [59| : 
m u = rrid = m q = 5 MeV, m s = 120 MeV, (qq) = 
-(260 MeV) 3 , (ss) = 0.8(qq), (^GG) = 0.012 GeV 4 , 

Ka s {qq) 2 = 5.8 x 10~ 4 GeV e , A = 375 MeV, a s ([i 2 ) = 

2 

47r/91n^2 and renormalization scale [i ~ 1 GeV. 

The sum rules for (qq) and (sq) diquarks are good. 
771q + increases slowly but monotonically with the increase 
of so- To obtain a reliable prediction, the continuum 
so is chosen as low as possible, and to make the Borel 
window as wide as possible in the case of keeping Rk 
positive. The variation of m 2 + for (qq)i and (sq)i with 
Borel variable r are respectively shown in Figure 1 and 
Figure 2. The variation of m 2 + for (qq)i and (sq)i with 
so are shown in Figure 3 and Figure 4. The most suitable 
m qq and m sq are found to be around 400 MeV and 460 
MeV, respectively. They are roughly comparable in scale 
to the constituent quark. The results obtained here are 
consistent with the fit of Maiani et al. 113], where the 



= 395 MeV and 



[■«■/] 



= 590 MeV. 



Now that the properties of the diquark cluster are de- 
termined, it is possible to construct a four-quark provided 
that the quark dynamics in hadrons is known. There 
exist many works which address internal quark dynam- 
ics @, H 0, M, EO, M, H S IS Hi- Unfortunately, 
there is no one approach directly from QCD — a very dif- 
ficult task. In this paper, the prescription in reference 
0, [H, HO] is used. Hadron masses were obtained from 
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FIG. 1: t dependence of m 0+ for qq good diquark with so 
1.2 GeV 2 . 
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FIG. 2: r dependence of for sq good diquark with so 
1.2 GeV 2 . 



constituent quarks and their spin-dependent interactions 

i i<j 

where the coefficients, and the sum runs over all 

the constituents. The resulting masses for four-quark 
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FIG. 3: so dependence of for qq good diquark with r = 
1.5 GeV" 2 . 
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FIG. 4: so dependence of for sq good diquark with r = 
1.5 GeV~ 2 . 



states formed via diquark clusters are given in Eqs. ([I]) 
and 

In terms of the {nqq)^ = 103 MeV and {n sq )^ = 64 
MeV [13], the masses of ++ tetraquark states [<?<?][<?<?], 
[qq] [sq] ( [sq] [qq] ) and [sq] [sq] are found via ((J) to be ~ 490 
MeV, ~ 610 MeV and ~ 730 MeV, respectively. 

As a more "accurate" prescription, the masses of 
tetraquark states could be obtained with constituent 
diquarks (with masses obtained by sum rules) in the 
coulombic and linear confinement potentials, an ap- 
proach which is beyond our scope of this article. Tak- 
ing into account the decay features, in the approxima- 
tion we used, it is reasonable to identify /o(600) (or a), 
/o(980), a (980) and the unconfirmed k(800) as the 0++ 
light tetraquark states. This identification agrees with 
the conclusions of analyses based on chiral Lagrangians 
[l4j and chiral perturbation theory (67j . 

Masses of the 1 orbital excited [<?<?] [qq], [sq][qq] and 
[sg][sq] are respectively determined via f2|): 

- 490 + 5;; MeV, 
~610 + B' ls MeV, 
~730 + B' 2s MeV. 

B dd ~ are very sensitive to Aqcd- It is not reliable to ob- 
tain the masses of orbital excited tetraquark states with 
them. Therefore theoretical estimates of the masses of 
these tetraquark states are not given here. However, if 
a tetraquark state is confirmed in the future, some con- 
straints on these B dd could then be derived. 

Now we turn our attention to the tetraquark state pos- 
sibility of the new observations by BES mentioned above. 
The pp threshold enhancement was also seen by Belle 
[HI , while other observations have not been seen by any 
other experimental group. The P-parity of pp is likely to 
be C — +1, and its quantum number assignment is con- 
sistent with either J PC = 0~+ or 0++. X(1835) is found 
consistent with expectations for the state that produces 
the strong mass threshold enhancement. X(1812) fa- 
vors J p = + . 



These three signals are very unlikely to be the 
tetraquark states. As analyzed above, if they have defi- 
nite C parity, possible J PC for tetraquark state interpre- 
tation is constrained. These ++ or h observations lie 
above the predicted ++ or h light tetraquark states 
(Assuming that the mass difference between the ++ and 
the h is not very large). A h tetraquark state re- 
quires the bad diquark. 

It was argued that the light (orbital angular momen- 
tum between the diquark and the anti-diquark L = 0) 
q 2 q 2 states may decay into meson-meson channels, while 
the heavier ones (L > 1) decay mainly into baryon- 
antibaryon channels [2J, and may decay into another 
light tetraquark state (L — 0) 3]. A(1576) has large 
decay width, and its isospin has not been determined. 
A(1576) behaves unlike a normal meson and may be a 
1"" tetraquark state [U, IM & If V(1576) is a 1"" 
four-quark state, it is likely to be the (sq)(sq) orbital 
excited tetraquark state. It may be the first orbital exci- 
tation of ao (980) if its isospin 1=1, and it may be the 
first orbital excitation of /o(980) if its isospin 1 = 0. 

If this suggestion is true, the B' 2s ~ 586 MeV. This B' 2s 
is large compared to those for normal mesons, which may 
imply an "exotic" orbital excitation. In the meantime, 
other 1~~ orbital excited tetraquark states correspond- 
ing to (qq)(qq) (~ 1400 MeV) and (sq)(qq) (~ 1500 MeV) 
are expected. Both of them may have broad widths. In 
this case, their radiative decays into the scalars would be 
explicitly indications. 



IV. CONCLUSIONS AND DISCUSSIONS 

The intrinsic color, flavor and spin configurations 
of two different kinds of spatially-extended four-quark 
states are discussed in the constituent quark model. It 
is obvious that the {qq)(qq) and (qq)(qq) states may mix 
with each other. It is hard to distinguish their internal 
color and flavor configurations unless the quark dynam- 
ics is well-known or a special observable is established. 
The case for crypto-exotic four-quark state is more com- 
plicated for the mixture with normal qq mesons. 

QCD sum rules are a powerful technique for studying 
hadrons. To get a reliable prediction, suitable currents 
are required. However, there is no direct correspondence 
between the constituent quark picture and the operator 
(current) quark picture. The diquark concept is therefore 
not meaningful in the framework of a sum rule approach. 

The masses of "good" diquarks are obtained through 
an updated sum rule analysis. As an approximation, the 
resulting masses may be identified as the masses of cor- 
responding constituent diquark. In terms of these con- 
stituent diquarks, the masses of light tetraquark states 
are estimated. Based upon these results, it is reason- 
able to identify / (600) (or a), /o(980), a (980) and the 
unconfirmed k(800) as the ++ light tetraquark states. 
However, further study of the internal quark dynamics is 
necessary to determine whether diquark clusters actually 
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exist within exotic states. 

The new observations by BES are qualitatively ana- 
lyzed. The pp enhancements, A(1835) and X(1812) are 
unlikely to be tetraquark states. A(1576) may be the 
1 tetraquark state (first orbital excitations of ao(980) 
or /o(980)) with an "exotic" large orbital excitation. If 
this hypothesis is true, a whole family of 1 tetraquark 
states corresponding to orbital excitations of /o(600) and 



k(800) may also exist, and it will be interesting to study 
their radiative decays into these scalars. 
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